7-s1 neknudg kypca "Teopus
JINCKPeTHBIX PYyHKITIn"

(1-it kypc; sekrop - upod. A.C.Iloxkosnsun)

Ha upejpiyineit jiekiun ObLin JIOKa3aHbl CJIEYIONIHE TEOPEMBb:

Teopema (Caynernkuii) Ilycrs cucrema F' dbyukiuii k-3a4n0il Joruku, riae k > 3, comep-
KT Bee (DYHKIUN OHOI mepeMenHoit. Torga st mosHOTH F' HEOOX0AMMO U JJOCTATOYHO,
4TOOBI OHA COJIepzKajia CYIIECTBEHHYIO (DYHKITUIO, IPUHAMAIONILYIO BCe k 3HAYCHUN.

Teopema(C.B.d6moucknit) Ilycrs cucrema F dbyukuuit k-3naqnoit goruku, rae k > 3,
COJIEP:KUT Bce (PYHKIMU OJHON HepeMeHHO#, npuHuMalomnue He 6osee k — 1 3HaYeHHS.
Torma mist motHOTEL F' HEOOXOAUMO U JOCTATOYHO, YTOOBI OHA COAEPIKAIA CYIIECTBEHHYIO
GYHKIUIO, IPUHUMAIONLYIO Bce k 3HaYCHUI.

Jlokazkem ciejytoliee CJjiejcTBIE TeopeMbl f10JI0HCKOro:

Teopema(Maprun) ®yuknusa f(zq,...,x,) u3 Py, vae k > 3, ob6pasyer MOTHYIO CHCTEMY
(saBastercst meddepoBoit) TOrIA W TOJBKO TOTJA, KOTJa OHa MOpOXKIaeT Bee (DYHKIHH
OJTHOM IepeMeHHO#, npuHuMatoIIue He 6ojee yeM k — 1 3HadYeHHe.

HeobxomumocTh oueBuana. Jlokaxkem gocrarodnocTs. IlycTh f mopoxkaaer Bce pyHKIuu
OJTHO# TepeMeHHOM, TpUHUMAoIINe He bosee k—1 3Havenus. B wacTHOCTH, OHA TOPOXK TaeT
Bce KoHCTAHTH. [ToaTomy f momkua npunuMarh Bee k 3nadenuii. [Ipeamosoxum, aro ona,
He SIBJISEeTCs CYIecTBeHHOil. Torma oHa J0MKHA UMETh POBHO OJIHY CYIIECTBEHHYIO TIepe-
MeHHY0 (OTCYTCTBUE CYIIECTBEHHBIX [ePEMEHHBIX Je1a0 Obl (DYHKIUIO0 KOHCTAHTHON, U
oHa He Morya Obl mpuHEMAaTh k 3uadennit). O6o3unadum vepes M (k) knace Beex dyHkmii
B P, npuHIMaomux k 3HAYEHU{ 1 UMEIOINX OJHY CYIIEeCTBeHHYIO TepeMennyio. PakTu-
YeCKH, ITO IePECTAHOBKH C JI00aB/IEHNEM HECYIEeCTBEHHBIX nepeMeHHbX. O4eBuIHO, ITO
HIUYIEr0 KPOME TAKUX Ke MMePECTAHOBOK CYMEPHO3UNusaAME u3 [ moJIydnTh Hestb3st. O1HaKO,
JUTS JTOKA3aTeIbCTBA JTAHHOTO (haKTa MPUIETCH BCE YK€ BOCMOJIH30BATHCS OIPeieIeHHeM
orepanyii cynepro3uIum:

1. Oneparnus m0JCTAHOBKU MEPEMEHHBIX.

[Iycrs dbyukmust g(z1,...,x,) = f(xi,...,z;,) noaydena u3 dyHKIun [ Kaacca
M (k). Ecin f umena cyliecTBeHHYIO IepEMEHHYIO Zj, TO ¢ OyIeT UMeThb e JUHCTBEeH-
HYIO CYyHIECTBEHHYIO HEPEMEHHYIO ;. Bapbupys 3nauenue 91oii nepeMennoil B npa-
BOil 4acTH paBeHCTBa, OyaeM Moaydarh Bce k 3HadeHuil GyHKIUN f, HO TOL[A U ¢
npuaIMaer Bee k 3nadennii. Ciuenosarensno, g npunamexut M (k).

2. Omneparnusi OJICTAHOBKA OHON (PYHKIUU B JAPYTYIO.

[Iycrs dyukuust h(z1, ..., Tpim-1) = f(x1, ., Tn_1,9(Tn, ..., Tpam—1)) LOJLyUYEHA
u3 byukuuit f, g kaacca M (k).

Ecau f numeer cymiecTBeHHYIO IIEPEMEHHYIO T;, Tje ¢ < n, TO u h Oyjer uMerh e/ IuH-
CTBEHHYIO CYIIIECTBEHHYIO IIeDEMEHHYIO ;. Bapbupys 3HaUYeHHe 3TOI IepeMeHHOil,
Oy/eM moJiydaTh B HpaBoil dacTu pasencTna Bce k 3mnadvenwuit. CiiesoBarTesbHO, ¢
npunaaiexur M (k).



Ecau f wmeer CymmecTBeHHYIO TEPEMEHHYIO X,, TO PACCMaTPUBAEM €INHCTBEHHYTO
CYIIECTBEHHYIO TIepeMeHHy0 pyHkiuu ¢g. Torna 3ajianue ee 3HaAYCHUS OJHO3ZHATHO
ompejessier 3Hadenne §(Ty, .. ., Tpim_1), & BCIE 32 9TUM U 3HaYeHue f(xy, ..., Ty 1,
9(Tny .o Tnim—1)). Takum o6pasoM, OHa SIBJISIETCS €IMHCTBEHHOI CYIeCTBEHHOH Ie-
peMeHHOI hyHKIEN h. Bapbupys 3nadenue TaHHON IepeMeHHO#, MOYKHO MOy IUTH
Jiiobble k 3navenunii (yHKIUM ¢, & 3HAYUT - JIIOOble k 3HAYEHUil 1MpaBoil 4acTu pa-
BEHCTBa, T.e. Bce k 3Havenuil dyukmnun h. Crenoarenwvro, h npunagiexur M (k).

3. Omepanus nodasaeHus JudO yaaaeHus HECYIECTBEHHO mepeMeHHol. DTOoT cayJaii
OYEeBHIECH.

Takum obpazom, w3 (yHKIUN [ MOKHO HOJYUUTH CYHEPIO3UNUSIMH TOJBKO (DyHKIHN
C €JIMHCTBEHHOI CYyIIECTBEHHON NMepeMeHHOl, NpuHuMaolme Bce k 3uadenunii. Ho Tora
HeJIb3d MOJYYUTh HA OMHON KOHCTAHTH. [lorydaeHHOEe MpoTHBOpeUne 03HATAeT, 9TO (DYHK-
nug f moskHa OBITH cymiecTBerHoi. U Torna, coracuo teopeme C.B.4670HCKOTO, OHA
obpazyer noJinyio cucremy. Teopema Jioka3aHa.

0.1 OcobeHHOCTU k - 3HAYHBIX JIOTUK

st k-3HAYHBIX JIOTHUK, KaK U I aareOphl JIOTUKY, IMeeTCs KpUTePUil TTOJTHOTH B TEPMHU-
HAX MPEe/INOJTHBIX KIaccoB. VX JTUIIb, KOHEYHOe YUCI0, XOTd U OBICTPO PACTYIIEe C POCTOM
k. Kak y»xe ropopusioch, [Toct nostydus onucanue Bcex 3aMKHYTBIX KJIACCOB ajireOpbl Jio-
rukn. VX oka3ajgoch cueTHoe dncyio. KazxKapiii n3 HEUX mMeeT KOHeudHbIH Gasmc. OmgHAKO,
yKe HauuHas ¢ k = 3, MHOYKECTBO BCEX 3aMKHYTBIX KJIAaCCOB PE3KO yBeaumduBaeTcs. I1x
MOIITHOCTh CTAHOBHTCH KOHTUHYAJIBHOM, W aHaJI0Ta pe3yabTaToB llocTa 3/1ech He n3BecTHO.
Cutyanus cTaHOBUTCS KadeCTBEHHO 0oJiee CJIOXKHOM.

B sTom pazaesne Mbl pacCMOTPUM HECKOJIBKO TEODEM, XapaKTEPUIYIONINX OTIHINE CIydast
k-3Ha4HbIX JIOTUK Lpu k > 3 oT ajarebpbl JIOIUKH.

Teopema(fnos) s moboro k > 3 B Py cymecTByer 3aMKHYTHIl KJIAcC, He HMEIOITH
bazuca.

Hamomuum, aro 6a3mcomM B 3aMKHYTOM KJjacce () Ha3bIBAETCS TaKas CHCTeM (DYHKIHIA,
3aMBIKaHI€e KOTOPOil paBHO (), a 3aMBIKaHUe JIF0OOI ee COOCTBEHHOM IMOJCHCTEMBI HE PABHO
Q). UapiMu ciaoBamu, Oa3uc - Takas HoJaHad B () cucreMa, 4to Jiodas ee (pYHKIHS He
BBIPAXKAETCS CYHMEPIO3UIUIME depe3 OCTaJbHbIe ee (DYHKIUN.

Paccmorpum nociepoarenbuocts byukuuii uz Py: fo = 0; fi(x1,...,2;) = (1 upu x; =
...=x; =2, unaue 0); i = 1,2,.... Ilycte M - 3ambikanne muoxkectBa { fo, f1,...}. [o-
KazKeM, 9TO OHO COCTOMT U3 (PyHKIMA, OTAMIaIomuxcsa oT (PYHKIMIA f; JIUITH BO3SMOKHBIM
J06aBJIeHHEM HECYIECTBEHHBIX [epeMeHHbIX. 1 5TOro paccMOTPUM OIIEPAIMH CYIIEPIIO-
SHIAK, IIPUMeHeHHbIe K (DYHKIUAM TaKoro BUA:

1. Omeparus moaCTaHOBKN MEPEMEHHBIX.

Iycrs g(x1,...,2,) = f(zi,...,2;,). Ecim f nomywanacs u3 Hekoropoii f; 106as-
JIECHUEM HECYINECTBCHHbIX II€PEMEHHbBIX, TO ¢, BBUAY BO3MO2KHOI'O OTOZKICCTBJICHUA
[epEMEHHbBIX TOJICTAHOBKON (i1, ...,%,), OyAeT HOIydarbes A00aBIeHHEM Hecyle-

CTBEHHBIX TEPEMEHHBIX U3 HEKOTOPOH (GpyHKIuu f,,, m < i.



2. TlogcranoBka ojHOM DYHKIUKA B JAPYTYIO.

[Iycrs h(zq, ... Tnsm1) = f(T1, ., Tn1,9(Tn, .., Tpim-1)), TAE [, g NOTyIAIOT-
¢ U3 HEKOTOphIX (YHKIMI f; m00aBjIeHHeM HeCYIIeCTBEHHBIX IIepeMeHHBIX. HKcim
nepeMeHHas ,, (byHKIuM f cyimecTBeHHas, TO h TOXKJEeCTBeHHO paBHa (), TaK Kak
¢ He UpuHHMaeT 3HadeHue 2. B aTom ciaydae h nosydaercsa Ao0aBjIeHHEM HECy-
IIECTBEHHBIX TEePEMEHHBIX K fo. Ecan ke mepementnas x, GyHKmuu [ He sSBIIETCA
CYIIECTBEHHOM, TO h moydaercs 1006aBJIeHIEM HECYIIECTBEHHBIX TIePEMEHHBIX K TOM

ke (pyHKnuu f;, 9ro u pyHknug f.

3. Hobasnenune n ynaieHne HECYIECTBEHHBIX MEPEMEHHBIX. DTOT CIydail OUeBUIeH.

Takum obpazom, kinacc M mosHocThio onucan. [Ipeanonoxum, yro on umeer bazuc B
(koneuHbIil 60 GeckoHewHbIi). PaccmoTpum fpa corydast:

1. B 6a3uce B numeroTcst Xors ObI JiBe pa3indubix pyukiun. [Iyctsh oHa u3 HUX mosyde-
Ha jo0aB/IeHIeM HeCylIeCTBEeHHBIX IIepeMeHbIX K DYHKIun f;, a apyrad - K f;. Ecan
i = j, TO OJIHA U3 HUX MOXKeT OBITh MOJYUYeHA U3 JAPYTOil 1obaBIeHHeM /yialeHHeM
HECYIIECTBEHHbBIX 1lepeMeHHbIX. Bciu ¢ < j, To nepBas 10J1y4aeTcsd u3 BTopoil 0TOXkK-
JECTBJICHUEM YaCTH MePEMEeHHBIX, C MOCIe YoM JT00aBIeHneM /yIaJeHneM Hecy-
IIECTBEHHBIX MepeMeHHbIX. B 0boux ciaydagax ojHa u3 pyHKIunii 6a3uca moaydaercs
U3 JIPYToii CYNepro3uIusaMi, 9TO HEBO3MOKHO.

2. B bazuce B umeercd eauncrBennas yuknus. [lycth ona nosyydena jpobaBjieHuem
HECYIIECTBEHHBIX NepeMeHHbIX K GyHKnun f;. Ho Torma omepanusMu cymnepro3niinm
(cM. BBIIIE) MOZKHO MOJTYIUTh TOJIBKO (DYHKIUH, HOJTyYaeMble T00aBIeHuEM HeCyIIe-
CTBEHHBIX IepeMeHHBIX K GyHKIuAM f;, j < 4. QyHKIMIO f;y; HOIYIUTH HeJb3d,
T.e. B - He 6azuc B M.

HOJIy‘{eHHOG IpoTUBOpEYINE U JOKa3blBaeT OTCYTCTBUEC basuca.

Teopema(Myunuk) s aoboro k > 3 B Py cylecTBYeT 3aMKHYTHIH KJIACC, UMEIOTTHI
cyeTHbI ba3uc.

Pacemorpum nocsenoarenbrocth byHkmuii f;(xy, ..., x;); 1 = 2,3, . ... ®yukus f;(xq, ...,
x;) mMpUHUMaeT 3HadeHnme 1 , ecam B HabOpe 3HAYEHHIT ee apryMEHTOB MMEETCsl POBHO
OJlHA €IHHHUIA, a OCTAJbHble 3HAYeHUs paBHBL 2. B mpoumx ciaydasgx OHa IPUHHMAET
snavenue (. OGozHaunm depe3 M sambikanue MHOxecTBa {fa, fs,. .., }. Tlokaxkem, 910
cucrema {fo, f3,...,} aBasercs 6asucom B M. OueBumno, ona momna B M. Ilokaxkewm,
9T0 HUKakas (QpyHKIus f,,, m > 2, He BBIPAXKAETCS CYIEPHO3UNUsAME 4depe3 (pyHKIun
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[Tpennosnoxkum nporuBHoe. PaceMorpuM Kakywo-nmn6o curvarypy % aust { fo, ..., fm—1,
fmat, ...} Jomxua cymecrBoBaTh HeBbIpOKAeHHast dbopmyna $ B gaHHOIl curHarype,
OIPEIEJISIONIAST OTHOCUTETHHO MEPEMEHHBIX X1, . . . , Ly OGYHKIAIO fr, (T1, ..., Z,,). Bygem

cunTarh, 9T0 P He MMeeT APYruX (HECYNIECTBEHHBIX) HEPEMEHHBIX. ECIU TAKOBBIE MMe-
JINCH, BMECTO HUX TOJCTABJISEM IIEPEMEHHYIO T, 9TO He U3MEHUT (DYyHKIUHU, Peajin3yeMoi
dbopmyoii. TTo onpeaesenuto dbopmynsr, ¢ umeer sux s(By,. .., B,), e § - CHMBOJ CHT-
HATYPbI, 0003HAYAIONIII HEKOTOPYIO (byHKIHIO f,., 7 # m. Kaxmaoe B; - 1ubo nepemMenHasd,
Jaub0 HeBBIpOK AeHHas (hopMysia B 2. PaceMOTpuM MPOU3BOJILHBIH HAOOD (v, . . . , Q) 3HA-
YeHn MepeMeHHbIX T, . . ., L,. O0o3HaunM J; 3nadenue hopMmyabl B; Ha ganHoM Habope;
i=1,...,r. Torna f,(aq,...,an) = f-(B1,...,0:). Paccmorpum tpu ciyuast:



1. Cpemu dopmys B; nMmeercss He MeHee JIBYX HEBBIPOXKIEHHBIX. Toraa He MeHee JTBYX
snadennii 3; pasubl 0 1u6o 1. Ha takom nHabope (51, . . ., 3,) dyukius f, obpamaercs
B 0, T.e. f,, OKa3BIBAETCs TOXK/IECTBEHHO PABHOM HYJIIO, 9TO HEBEPHO.

2. Cpenn dpopmyn B; uMeeTcst pOBHO OJIHA HEBBIPOXKIeHHAsS (POPMYJIA; MYCTh 3TO POp-
myna B;. Tak kak r > 2, To cyuectByer j', OmIHYHOE OT j, Takoe, 4ro Bj - me-
pemennagd. IlycTs aro Oyger mepemennad x,. Ecam nmonoxnts o = 1o = ... =
Qg1 = Qgy1 = ... = O, = 2, 10 fro(aq,..., ) = 1. Ho B =1, ; € {0,1}, Tak
aro f.(f1,...,0.) = 0 - mporuBopeune.

3. Bee dopmyasl B; cyTh nepemennsie. Torga r > m (T.K. Bce nepeMentbie GhyHKIUH
fm cymecrsennpie). CregoBarenbHo, CyUECTBYIOT Takue i, j; @ # j, 4to B; u Bj -
o/lHa W Ta ke nepemenHas. [lyctb 310 6y;LeT nepemensas r,. CHoBa OepeM o, =
Lag = ... = a1 = Qgq1 = ... = Q = 2. Torma fi(o,...,0,,) = 1. Ho
Bi=p0;=1,u f.(0,...,0 ) =0 - nporusope-ue.

Bo Bcex caydasx mosydaeM MpOTHBOpeUNe, H TeopeMa JoKa3aHa.

13 noxkazaHHO# TeopeMbl HEME/IIEHHO TOJIYy9aeM CJeJICTBHE:

Teopema. [Ins aoboro k > 3 B P, nMeeTcss KOHTUHYYM 3aMKHYTBHIX KJIACCOB.

PaccMoTpuM B3amMHO-0THO3HAYHOE OTOOPAZKEHNE (Y MHOYKECTBA PAMOHAJBHBIX TOYEK OT-
peska [0,1] ma muONKecTBO DyHKIWIH fo, f3,... U3 mpeapiyiieil Teopembl. st 1106000
BEIeCTBEHHOr0 ucyia a u3 orpeska [0,1] pacemoTpum MHOXKECTBO (), BCEX DAIMOHATH-
HBIX YHCeJ JaHHOTO OTPE3Ka, MEHBIINX WU PABHBIX 4ucia a. MHoxkecTBa (), HEIYCTHI
u pazandabl. x koutuayym. OTobpazkenne ¢ mepeBOANT JAaHHBIE MHOXKECTBA B PA3JINY-
Hble MHOXKeCTBa F, (yHKOHH mocaenoBaTebHOCTH fo, f3,.... Ilycrs M, - 3ambikanme
MHOX)KecTBa F,. Eciu a < b, To B F}, ectb dbyHKIUs, He npunaiexamas F,. Coriacno
JI0KA3aTe/ILCTBY MPEIbLAYINei TeopeMbl, OHa He OYIeT HPHHALIeXKATDh U 3aMBIKaHUIO F,,
T.e. M,. Takum obpazom, M, # M, n Bce 3aMKHyTBIe Kaacchl M, pa3nuduabi. MoIHOCTD
IX MHOXKeCTBAa KOHTHHya/bHA. TeopeMa goKa3aHa.

UuTepecHo, 9TO MOCTPOEHO JazKe JTHHEHHO YHOPSIOUYEeHHOe MO BKIIOUEHUI0 KOHTHHYATh-
HOE CeMeHCTBO 3aMKHYTBIX KJIacCcoB B Pg.

B zakiiodyenue paccMOTPUM BOIPOC O TIPEACTABUMOCTH (DYHKIUN Kk-3HATHON JIOTHKY TIO-
JIMHOMAMWY B KOJBIIEe BBIUETOB MO MOY.Ti0 k. HamoMuuM, 9TO B ABY3HAYHOM CJIydae JTiobast
dyukiug ObLIa IpejacTaBuMa, MOJIUHOMOM 7K erajiKimHa.

Teopema. Crucrema MOIMHOMOB MO MO0 k moaHa B P, Torma u TOJBKO TOrAa, Korma k
- IPOCTOE YHUCJIO.

Pacemorpum npoussosibhyo GyHKIuo f(x1, ..., x,) u3 Py. Jlua vee umeer MecTo ciemy-
I01lee COOTHOIIEHHE:

flan. )= > Je(@1) o) - flon,. .., 00)(modk)

(0'17“-10'71,)

9TO - aHAJIOT COBEPIIEHHOM J1.H.¢. U3 aaredpsl JIOTUKHA. BMecTo MaKCUMyMa, UCIIOIb3YeTCs
CYyMMa IO MOIYJIO k, & BMECTO MHHUMYMAa - YMHOXKEHHE 110 MOIYJIIO K.

ToxkectBo j, () = jo(xr — 0) MO3BOJSIET BHIPA3UTH BCe (DYHKIUHU j, depe3 DYHKIHUIO jo.
Ecan GyHKIMO ji MOKHO BBIPA3UTh MOJHHOMOM II0 MOIY/IIO K, TO, TOJICTABJSASA ITO BHI-
pakeHue B yKa3aHHYIO BbIle (hOPMYJIy, PACKPbIBasi CKOOKM U HPUBO/IS IOJOOHDBIE YJICHDI,

4



MOJIyIUM TPEICTABICHUE MOJUHOMOM Hpou3BoibHON (yukimun f. ObparHo, eciau jy He
BBbIpa3uMa IOJIMHOMOM, TO He Kakjas (yHKiud u3 Py Bbipasuma. Takum obpa3om, Bce
CBEJIOCh K M3YUYEHUIO TOTO, MpU KakuxX k (pyHKIUA jy MpeicTaBAMa B BHjE MOJTMHOMA.
PaccmorpuMm j1Ba corydas:

1. k- mpocroe. Benomunm masryto Teopemy ®@epma, corsacio koropoit 2871 = 1(mod k)
upu Beex ¥ = 1,...,k— 1. 13 nee Buitekaer coornomenue jo(r) = 1 — ¥~ (mod k),
T.e. jo(x) mpemcTaBuMa MOJHHOMOM O MOAYTIO k, W CHCTEMa MOJUHOMOB B TOM
cJaydae moJiHa.

2. k - cocraBnoe. Illycts k = ky - ko, Ti1e k1 > ko > 1 - narypaJsbubie. [pejimnonoxum,
910 jo(x) = by + bix + ... + bsz®(mod k). [oncrabasis x = 0, mosygaem by = 1.
[oacraBnsag x = ky, nosydaem:

0=14 bk +...4bski(mod k).

DTO O3HAYALT, YTO JIjId HEKOTOPOTO IEJIOTO N BBIITOJIHEHO:
14 b1ky + ...+ bski = kn.

[Tocsie meperpynmupoBKY 4I€HOB U 3aMeHbI k Ha kiko mMeeM:
1 = kikon — biky — ... — bskj.

[IpaBasg yacTb nenurcd Ha ki a JieBast He JEJUTCA - IIPOTUBOPEYHE.

Teopema mokazana.



